Abstract
Introduction
Let K be a finite extension of Q p , and let X = X (d+1) be Drinfeld's p-adic symmetric space of dimension d over K . It is a rigid analytic space, and it is defined as the complement of all K -rational hyperplanes in P d /K . Unlike real symmetric spaces, X is not simply connected. Its cohomology groups H • (X ) for any cohomology theory satisfying certain axioms (examples are de Rham or -adic cohomology) have been computed by Schneider and Stuhler. For 1 ≤ k ≤ d, H k (X ) is infinite-dimensional and carries a natural PGL d+1 (K )-action. In [SS] it is shown that H k (X ) is canonically and PGL d+1 (K )-equivariantly isomorphic to a certain space of locally constant functions on some flag manifold.
In the following we consider the de Rham cohomology groups only. For our purposes the first computation of H k (X ) in [SS] in terms of the cohomology of a certain profinite simplicial set is important. Let H be the set of all K -rational hyperplanes in P d /K , and let Y · . This can be interpreted (see Lemma 3.2) as an isomorphism between the space of distributions on H k+1 modulo a certain subspace of distributions (which we call degenerated) and H k (X ):
(see Section 4 for the definition of D(H k+1 , K ) deg ). The proof in [SS] is based on the axiomatic properties of the cohomology theory and is therefore not explicit at all. Our first main result provides an explicit description of . For a distribution µ on H k+1 we have
where dlog (H 0 , . . . , H k ) := dlog ( H 1 / H 0 ) ∧ · · · ∧ dlog ( H n / H n−1 ). The brackets denote the class of the distribution, respectively, of the differential form.
In particular, we see that the differential form
is a canonical representative of the cohomology class ([µ] ) whenever the integral is well defined. We see in Section 4 that this is the case if µ is a measure, that is, a bounded distribution. The existence of such a canonical form representing a given de Rham cohomology class has been known previously only for the top-dimensional cohomology group H d (X ) (see [Te] for the case d = 1 and [ST1] for arbitrary d). Let k log,b (X ) be the subspace of the space of holomorphic differential k-forms k (X ) on X of type (3) (where µ is a measure). Then our result can be stated in the form that k log,b (X ) → H k (X ), ω → [ω] is "almost" an isomorphism. We want to mention that logarithmic forms on X were also studied recently by E. de Shalit. In [dS] he proves that they generate a dense subspace in H k (X ).
In the last section we give an application to the de Rham cohomology of padically uniformized varieties, that is, of varieties of the form X := \X where ⊆ PGL d+1 (K ) is a cocompact discrete subgroup. Their cohomolgy groups have been computed in [SS] using a covering spectral sequence 
It turns out that the only interesting cohomology group is the middle one, H d (X ).
Denote by
= 0 the filtration induced by (4). We show that it is opposite to the Hodge filtration
(This was conjectured in [SS] .) As a consequence one gets a Hodge-type decomposition for H d (X ):
We also deal with the corresponding question for the cohomology of certain local systems on X induced by finite-dimensional K [ ]-modules which contain a -stable lattice. For convenience we briefly describe the contents of the other sections. In Section 2 we prove a compatibility property between the cup product and an edge morphism of a certain spectral sequence associated to a system of closed subschemes of a variety. In Section 3 this is applied to prove the analogue of (2) for the de Rham cohomology of the complement of finitely many hyperplanes in the projective d-space. Finally, in Section 4 we show that the integrals above are well defined and prove formula (2) by reducing it to the corresponding result for the complement of finitely many hyperplanes.
Cup product and a spectral sequence
Let K be a field of characteristic zero. For a pair (X, Y ) consisting of an algebraic Kscheme X and a closed subscheme Y ⊆ X , we write H • (X ), H • Y (X ) as shorthand for the de Rham cohomology of X , respectively, the de Rham cohomology of X with support in Y . (However, the results of this section are valid for any reasonable cohomology theory, e.g., -adic or singular cohomology.) A general reference for de Rham cohomology of algebraic varieties is [Ha1] .
Let X be as above, and let Y = (Y 0 , . . . , Y n ) be an (n + 1)-tuple of closed subschemes of X . There exists a spectral sequence
where
For a fixed s the complex
is exact; by induction this can be reduced to the case where n = 1, that is, Y := Y 0 ∪ Y 1 where it follows from [Ha2, Chap. III, Exer. 2.3] using the fact that the cohomology groups of X with support in a closed subset and coefficients in an injective sheaf vanish. Hence the augmentation map 
and is given by the composition
where the second arrow is the boundary map in the long exact cohomology sequence of the triple
Proof
There is a canonical map of double complexes f :
if i r −1 ≤ n − 2 and i r ≥ n − 1, and by zero if i r −1 = n − 1 and i r = n. 
denote the cup product for de Rham cohomology. It is induced by the multiplicative structure · ⊗ · → · of the de Rham complex. We need that it be compatible with respect to long exact relative cohomology sequences (compare [Iv, Chap. II.9] 
commutes. 
where we have set
According to Lemma 2.1 it is enough to consider the case n = 1. Then the assertion follows from the commutativity of diagram (2) and from the description (6) of the boundary map in the Mayer-Vietoris sequence.
The following result is crucial for the description of the isomorphism (2) in terms of logarithmic forms. 
Here δ denotes the respective boundary maps H
• (X − ∪Y ) → H •+1 ∪Y (X ), H • (X − Y i ) → H •+1 Y i (X ).
Proof
We start with the case n = 1. The description (6) of the boundary map in the MayerVietoris sequence shows that we can express e Y •δ :
Here δ 1 (resp., δ 2 ) is the boundary map in the relative cohomology sequence of the
. Therefore, using the commutativity of the third square in (2), we obtain
For the general case n ≥ 2 we proceed by induction.
There is a variant of the above spectral sequence which was introduced in [SS, Sec. 2] . Let F = {0, . . . , n}, and denote by C · (Y , I · ) the double complex
Again the augmentation map
The second spectral sequence of the double complex thus yields a spectral sequence
The canonical injective map
induces a map from the spectral sequence (5) to (8). It is already an isomorphism on the E 2 -terms since for a fixed s the map
has a homotopy inverse that is compatible with the differentials I s → I s+1 (see the proof of [SS, Sec. 2, Prop. 6] ).
Logarithmic differential forms on complements of finitely many hyperplanes
Let K be a field, let d be an integer ≥ 1, and let P be a finite set of K -rational hyperplanes in P d . Let X P be the complement
* we usually denote a functional defining a given hyperplane H . For a profinite set S, let E · (S) be the simplicial set E r (S) = S r +1 with faces and degeneracy maps given, respectively, by partial projections and diagonals. The partial projection
Consider the spectral sequence (8) for the set of closed subschemes
As in [SS, Sec. 3 ] the E 2 -terms can be described in terms of the cohomology of the simplicial set Y
. Since Schneider and Stuhler work with rigid analytic rather than algebraic varieties, we briefly recall their arguments and modify them accordingly.
Proof
This can be proved as in [SS, Sec. 3 
is a locally trivial fibration with fiber ∼ = A d−m . , and so we obtain
It follows that
As in [SS, Sec. 3 , remarks following Lem. 1], one shows that
, Z), K of the cohomology. Let s be even, and let 2 ≤ s ≤ 2d. The composition
is an isomorphism for s > 2 and surjective for s = 2 (see [SS, Sec. 3, Lem. 7] ). It follows that the edge morphism E
(F i denotes the filtration on H s ∪P (P d ) induced by the spectral sequence.) The source of (10) can be described in terms of functions or-equivalently-of distributions on P k+1 ; we prefer to work with the latter formulation since this point of view is in line with the corresponding result for p-adic symmetric spaces (see Theorem 4.5 below).
Let us briefly recall the notion of distributions and measures on a profinite set S. Let A be an abelian group. An A-valued distribution is a map µ : {U ⊆ S | U compact and open} −→ A which is additive for finite disjoint unions of compact open sets:
We denote by D(S, A) the abelian group of A-valued distributions on S and by C ∞ (S, A) the group of locally constant functions S → A. Any f ∈ C ∞ (S, A) can be integrated against distributions, and the map
is an isomorphism. If K is a p-adic field with absolute value | · | and valuation ring O, then a bounded K -valued distribution µ is called a measure (i.e., there exists a 
Here |Y · | denotes the geometric realization of Y · .
Proof
Consider the commutative diagram
where the rows are complexes. The differentials ∂ r are given by
, and the vertical maps are induced by the inclusion ι. They are isomorphisms for r ≤ k − 1 and surjective for all r (see [SS, Sec. 3 , remark at the bottom of p. 67]). By [SS, Sec. 3 , remark on p. 66] the cohomology groups of the rows are isomorphic to the reduced cohomology groups of |E · (S)| and |Y · |, respectively. Since |E · (S)| is contractible, the upper row is exact. A diagram chase shows that the differential
induces an isomorphism
Dualising it gives the assertion.
Thus the isomorphism (10) can be interpreted as a map
where we have set D(P k+1 , K ) deg := Im(ι * ) + Im(∂ k * ). If P ⊆ P, then we get a natural map from the spectral sequence (9) for P to the one for P. Consequently, the diagram
commutes. We now give an explicit description of in terms of logarithmic differential forms. Let (H 0 , . . . , H n ) be an (n+1)-tuple of hyperplanes in P d . For 0 ≤ i, j ≤ n the ratio H j / H i defines a rational function on P d which is regular on X P and is well defined up to a unit in K . Hence the differential form
is independent of the choice of H i , H j .
Definition 3.3
The logarithmic n-form of (H 0 , . . . , H n ) is defined as
It has the following properties:
for every permutation σ of {0, . . . , n}, and
In fact, by using (15), one shows that the sum is equal to d dlog (H 0 , . . . , H n+1 ) and hence equal to zero since all logarithmic forms are closed. Moreover,
THEOREM 3.4 For k ≥ 1 the isomorphism P is given by the formula
Here the brackets [ ] denote, respectively, the class of the distribution and of the form. Consequently, P factors through k (X P ) d=0 = (X P , k ) d=0 and any element in H k (X P ) has a canonical representative in k (X P ) d=0 .
Proof Clearly, it is enough to prove the assertion for a point measure µ
Moreover, since is functorial with respect to inclusions P ⊆ P (diagram (14) above) and because of (17), we may assume that P = {H 0 , . . . , H k } and H 0 , . . . , H k are linearly independent (hence k ≤ d).
As explained at the end of Section 2, the isomorphism P can also be evaluated using the spectral sequence (5) for the set of closed subschemes P of P d ,
where by (3.1) we have E −r,s 1 = 0≤i 0 <···<i r ≤k K if s is even and max 2, 2(r + 1) ≤ s ≤ 2d, 0 otherwise.
In particular, E −k,2k 1 = 0 and
where e 0 , . . . , e k denote the standard basis of K k+1 . The basis element e i corresponds to the image of 1 under the canonical isomorphism
Recall that the first map is given by 1 → ξ k where ξ is the image of the canonical line bundle on P d under the cycle map Pic(
It is easy to keep track of the image of µ = (H 0 ,...,H k ) under the sequence of maps
The element on the right-hand side corresponding to
, k. We need the following:
The composition of (19) with the restriction map
is given by
Indeed, it follows immediately from the definition of the cycle map Pic(P d )
→ H 2 (P d ) for de Rham cohomology that under the isomorphism
The spectral sequence (5) for the k-tuple of hyperplanes A = (h 1 , . . . , h k ) in A d has a very simple shape. For an (r + 1)-tuple 1
Therefore the spectral sequence degenerates and we get an isomorphism
for every r ≥ 0. Consider the diagram
The vertical maps are induced by the inclusion A d → P d . The right horizontal maps are induced by the spectral sequence (5) for (P d , P) and (A d , A ) , respectively. The composition of the two upper horizontal maps is an isomorphism. Its inverse is P if we identify E
The right vertical map is induced by the map
and therefore it sends µ to the image of 1 under (21), that is, to
The right lower horizontal map in (22) is just the inverse of e k+1 A , and the left lower horizontal map is bijective. Using the commutativity of (22) and Proposition 2.3, we obtain
Remark. It is easy to see that the image of
is the space generated by the logarithmic k-forms on X P , which we denote by k log (X P ). By (16) and (17) it factors through D(P k+1 , K )/ D(P k+1 , K ) deg , and Theorem 3.4 implies that the induced map
is an isomorphism and when composed with k log (X P ) → H k (X P ), ω → [ω] is P . Therefore every cohomology class has a unique representative in k log (X P ). This is an old theorem of E. Brieskorn [Br] .
The main theorem
From now on, let K be a p-adic field, that is, a finite extension of Q p . Let | · | denote its valuation, and let O denote its valuation ring. We fix a prime element π ∈ O. Let C p be the completion of a fixed algebraic closure of K .
We start this section with some remarks about the integration theory on profinite sets and about Fréchet spaces which are needed later. Let F be a topological Kvector space. F is called complete if it is sequentially complete, that is, every Cauchy sequence in F has a limit. A complete topological K -vector space F is called Fréchet space if there exists a sequence of seminorms {ρ n } n which defines the topology on F , that is, a basis of open neighbourhoods of zero is given by the sets {x ∈ F | ρ n (x) ≤ for all n ≤ N } for > 0 and N a positive integer. If F is a Fréchet space and U a closed subspace, then the quotient space F /U is a Fréchet space too. Also, the inverse limit F = lim ←− F i of a countable inverse system of Fréchet spaces with the inverse limit topology is a Fréchet space.
Let S be a profinite set. The spaces of distributions D(S, K ) and measures M(S, K ) have a natural structure as topological vector spaces. In fact, if we write S = lim ←− S i for an inverse system of finite sets
is finite-dimensional and thus a Banach space. We provide D(S, K ) with the inverse limit topology. If S can be written as an inverse limit of a countable inverse system of finite sets-which we assume from now on-then D(S, K ) is even a Fréchet space. The point measures s , s ∈ S generate a dense subspace in D(S, K ). The topology on M(S, K ) is defined as follows. For each integer n we provide D(S, π −n O) with its topology as a subspace of D(S, K ) and M(S, K ) = lim −→ D(S, π −n O) with the direct limit topology. Note that this topology is in general finer than the topology induced by the inclusion M(S, K ) ⊆ D(S, K ). Nevertheless, the point measures s , s ∈ S still generate a dense subspace of M(S, K ). We need the following elementary lemma from the theory of p-adic integration whose proof is left as an exercise to the reader. 
Assume that F := lim ←− F i for a countable inverse system of Fréchet spaces
is locally constant for every i. Then f can be integrated against distributions as well; that is, (a) remains true if we replace M(S, K ) by D(S, K ).
Let V denote the category of smooth separated rigid analytic varieties over K . For a pair (X, U ) consisting of a variety X in V and an admissible open subvariety U ⊆ X , we denote by H • (X ) (respectively, H • (X, U )) the de Rham cohomology of X (respectively, of the pair (X, U )). Any smooth separated K -variety X gives rise to a rigid analytic variety X an , and there is a canonical morphism
from algebraic to rigid analytic de Rham cohomology which is an isomorphism if X is projective by the rigid analytic GAGA (géométrie algébrique et géométrie analytique) principle (see [Ki1] ). More generally, if Y is a closed subscheme of X and U its complement, then we have a canonical morphism
Let
We take over some notation and recall some facts from [SS, Sec. 1] 
is always assumed to be unimodular, that is, |z i | ≤ 1 for 0 ≤ i ≤ d and |z i | = 1 for some i. Similarly, for any hyperplane H ∈ H we consider now only those functionals H defining it which are unimodular, that is,
The spaces X , X n are Stein spaces. For X this is proved in [SS, Sec. 1, Prop. 1.4] , where it is shown that the sequence {X n } is an admissible covering with the defining property of a Stein space (see [Ki2, Def. 2.3] ). Similarly, one can show that {X n−(1/m) } m∈N is such an admissible covering for X n . The spaces of K -valued holomorphic k-forms k (X ), k (X n ) carry naturally the structure of Fréchet spaces, and we have k (X ) ∼ = lim
Indeed, let X ∈ V be an arbitrary Stein space, and let M be a free O X -module of finite rank, that is,
For every open affinoid subvariety U ∈ X we consider the supremums norm
where U runs through all affinoid open subvarieties of X , defines a topology on the set of global sections M (X ) of M giving it the structure of a Fréchet space. It is easy to see that the topology is independent of the choice of the trivialisation 
is an isomorphism of topological vector spaces.
The maps H k (X ) → H k (X n ) induced by the restrictions ω → ω| X n are clearly continuous, and thus
is continuous as well. According to [SS, Sec. 3 , remarks before Lem. 2] it is an isomorphism. By Banach's theorem its inverse is continuous too.
In [SS, Sec. 3 
] Schneider and Stuhler have defined a PGL
According to (3.2) we can replace the vector space on the left by D(
where, as usual, ι :
LEMMA 4.3 (a) The map is continuous (and therefore a homeomorphism). (b)
Let P be a finite subset of H . Then the diagram
commutes. Here the first vertical arrow is induced by the inclusion P k+1 → H k+1 , whereas the second one is given by the composition of the compari-
Proof (a) By Lemma 4.2 it is enough to prove that the composition
is continuous. As in [SS, Sec. 3] , let 
and that (25) is actually the inverse limit of them. Again the left-hand side of (29) can be identified with the corresponding quotient of D(H k+1 n , K ), and we obtain a commutative diagram
Since the vector spaces D(H k+1 n , K ) and H k (X n ) are finite-dimensional, the lower horizontal map is continuous. The first vertical arrow is continuous for trivial reasons. Therefore (28) For a (k + 1)-tuple (H 0 , . . . , H k ) of K -rational hyperplanes in P d /K we now consider the logarithmic k-form dlog (H 0 , . . . , H k ) as a rigid analytic differential form on X . The following lemma allows us to define the integrals
The map
For every n, the map
is locally constant.
it suffices to consider the case k = 1. Let Z 0 be the hyperplane {z 0 = 0}. Since
, it is enough to show that for every n we have the following:
→ f is continuous and |π n | ≤ f ≤ |π −n |, where · denotes the supremums norm on O(X n ). As
is obviously continuous too, we conclude that → d f / f is continuous as well. This proves (a ).
) * are sufficiently close to each other. Since z → log(z) is analytic on the open unit disc with center 1, we have
We are now in the position to prove our main result.
THEOREM 4.5 Let k be a positive integer. Then the isomorphism
is given explicitly by the formula
If µ is a measure on H k+1 , then the integral
According to [SS, Sec. 5 
In [Sch, Sec. 1] it is shown that it degenerates. This result is then used to compute the dimensions of the de Rham cohomology groups. It turns out that the only interesting cohomology is the middle cohomology group H d (X , M ). We denote by
= 0 the filtration induced by (32). Then we have for d ≥ 2, i = 0, 1, . . . , d + 1 (see [Sch, Th. 2 
Here
There is a second natural filtration on H d (X , M ), the Hodge filtration. It is induced by the spectral sequence [Sch, Sec. 2, Cor. 6] ). Therefore we can and do assume from now on that d is at least 2.
To begin with, we state two simple results from homological algebra whose proofs are straightforward and are left to the reader. We have
The inclusion map · log,b (X ) ⊗ K M → · (X ) ⊗ K M factors through · ≥i (X ) ⊗ K M +t ≤i−1 · (X )⊗ K M since all differentials in · log,b (X )⊗ K M are zero. Therefore we obtain
and by Proposition 5.3 we get
Together with (34) it follows that
and it remains to prove equality to see that the sum in (39) is direct.
For that, consider the commutative diagram
Remark. By using a more refined version of p-adic integration than Lemma 4.1, it is likely that one can prove conjecture (36) for other types of -representations as well. In the one-dimensional case J. Teitelbaum has proved (36) for certain algebraic representations, that is, representations coming from a representation of PGL d+1 (K ) by using a p-adic integration theory for certain distributions (see [Te] ). In their recent paper [ST2] , Schneider and Teitelbaum have developed an integration theory that enables them to integrate locally analytic functions against a very general class of distributions. We hope that this theory will be useful to prove (36) for algebraicrepresentations and plan to return to this question in a later work.
